ABSTRACT This paper studies a boundary control problem of a 1-D flexible beam. The objective is to design an efficient boundary controller to suppress the undesired vibration of the 1-D flexible beam with restricted input. A novel boundary controller is developed to suppress the vibration and stabilize the beam system. The effect of the restricted input can be mitigated by employing a smooth hyperbolic tangent function and the boundary controller proposed in this paper can not only avoid the control spillover phenomenon, but also guarantee the asymptotic stability of the closed-loop system. The numerical results are finally illustrated to validate the effectiveness of our methodology.
I. INTRODUCTION
In the automatic control fields of flexible structure systems, boundary control design is often taken as an efficient and cost-saving strategy. Compared with the internal controller, it is more simple and easily implemented. Due to these advantages, various boundary controllers have been developed in many flexible structure applications such as flexible cranes [1] , flexible manipulators [2] , [3] , flexible risers [4] , [5] , flexible hoses [6] , flexible wings [7] , [8] and axially moving structures [9] , [10] . Furthermore, another most important feature about the boundary control is that it can also handle some spillover effects stemming from the model order reduction methods [11] - [15] , which are conducted on the basis of extracting a controlled finitedimensional subsystem as well as neglecting the remaining infinite-dimensional dynamics [16] - [22] .
In more recent years, there exist a plenty of strategies for modeling and controlling of flexible structure systems for enhancing their performance [23] - [32] . For example, in [25] , a Lyapunov approach is developed to stabilize an Euler-Bernoulli beam which is with the boundary input disturbance. The well-posedness of the closed-loop system is also analyzed in [25] . In [26] , an output feedback controller is designed and the exponential stability of a cascaded Euler-Bernoulli beam system is also guaranteed. In [27] , the vibration control and boundary tension restriction for an axial string is guaranteed by constructing the barrier-based Lyapunov function. In [28] , the nonlinear input compensation and disturbance rejection for a vibrating string system are studied. In [29] , the oscillation and boundary output of 2D crane system are stabilized and limited by devising barrier-based control strategy. In [30] , an efficient framework based on a boundary control strategy is proposed for the stabilization of three-dimensional (3-D) flexible manipulator, and the uniform convergence of controlled system is gained. In [31] , another boundary control strategy is proposed to stabilize a 3-D extensible marine risers and the stability of the system is further demonstrated based on Hilbert space. In [32] , a boundary control is also introduced to suppress the vibration of the plate, the exponential stability of the closed-loop system is well guaranteed by the given disturbance adaptation law.
As for the non-smooth nonlinearities, i.e., hysteresis, saturation or dead-zone, they are generally exist in a great amount of industrial applications such as piezoelectric systems, biomedical and mechanical engineering [33] - [37] . In practice, these non-smooth characteristics usually bring some detrimental effects and will generally cause serious deterioration of the system reliability performances. Thus, it is essentially to handle these nonlinearities timely within the areas of control systems. To eliminate the input saturation effect, there are a plenty of research works which have been focused on developing various boundary control approaches for settling the problem [38] , [39] . In [38] , a high-gain observer is utilized to design the boundary output feedback controller for suppressing the vibrational offset of a belt system with unknown disturbances and constrained input. Guo et al. [39] exploit an auxiliary system and a barrier Lyapunov function to handle the input saturation and output constraint of a flexible riser system. However, we note that in [38] and [39] , both the sign functions are employed to restrict the control input, this will lead to some more chattering in real applications. Although there have been exist great progresses for the boundary control design to cope with the input saturation issues, there are still few researches to concern the utilization of the smooth hyperbolic tangent function to handle the input saturation, this motivates us to focus on this topic.
In current work, we study a 1-D flexible beam subject to the input saturation constraint. Our aim is to construct an effective controller which acts on the boundary of the system to attenuate the vibration of the flexible beam as well as eliminate the effects of the input saturation simultaneously. Compared with existing works, our main contributions are summarized as follows:
(i) A novel boundary controller is designed to suppress the vibration of the beam system, which can be also globally stabilized at its equilibrium position by the controller.
(ii) The smooth hyperbolic tangent function is introduced to restrict the input whin the desired region, which eliminates chattering problem arising from the application of sign function.
(iii) The asymptotic stability of the closed-loop system is guaranteed by adopting the extended LaSalle's invariance principle [40] based on the original partial differential equations (PDEs) directly.
II. MATHEMATICAL MODEL
The structure of the 1-D flexible beam considered in this work is shown in Fig. 1 . The left boundary of the beam is fixed at an origin O of coordinate so-called OXY , s denotes the space and t denotes the time, θ (s, t) denotes the vibrational offset, L denotes the beam length, ρ and EI respectively denote the mass per unit length and bending stiffness, m denotes the mass of the payload, and u(t) denotes the boundary control input signal. Thus, the dynamic of the 1-D flexible beam system can be mathematically formulated as a typical PDEs
with boundary conditions
III. BOUNDARY CONTROLLER DESIGN
Now we study the boundary control problem for the 1-D flexible beam system. Our aim is to design an effective boundary controller to suppress the vibration of the beam system, as well as handle the saturation of the input effect. In order to realize the objective, an efficient boundary controller which is based on the smooth hyperbolic tangent function will be proposed. Subsequently, the extended LaSalle's invariance principle is utilized for analyzing the stability of the system. To stabilize the beam system (1)- (2), we give the following boundary control u(t)
where b, η > 0.
Remark 1:
The proposed controller in (3) can measure the signal θ(L, t) by utilizing a position transducer and obtain the signalθ (L, t) by employing the backward difference scheme for θ (L, t). Thus, the proposed control (3) is implementable in practice.
Theorem 1: As for system (1)- (2), the following properties can be hold under our proposed control (3) provided that the initial conditions are bounded:
1) All the states θ (s, t) of the closed-loop system will tend to zero for s ∈ [0, L]. That means, the closed-loop system is asymptotically exponentially stable. 2) The u(t) in (3) is bounded, and the boundary is given by |u(t)| ≤ bη = U (4) Proof: Properties (1) . We employ the extension of LaSalle's invariance principle [40] into the infinite dimensional space to demonstrate the system stability. Let
As a result, we can rearrange the closed-loop system compactly as
where Av = [ν 2 w 1 ν 4 w 2 ] T , ∀v ∈ D(A) and
Define the aforesaid spaces as
Then, we choose the following system energy function as
where
Differentiating (6) giveṡ
Let's take the derivative of V a (t) and then combine with (1), we can obtainV
Similar, we first get the derivative of V b (t) and then combine with (2) to obtaiṅ
Next, substituting (3) intoV b (t) leads tȯ
Substituting (10), (12) into (9) yielḋ
Therefore, we can obtain the conclusion that the operator A is dissipative.
To proceed, let q = q 1 q 2 q 3 q 4 ∈ H. Then the following equation is considered
Based on above analysis, we can derive the unique solution of (14) as
where µ 0 , . . . , µ 3 can be determined by the boundary condition (2). Consequently, equation (14) exists a unique solution for v ∈ D(A), which indicates that A −1 is exist and and can map
Furthermore, due to A −1 mapping every bounded set of H into a bounded set of H 2 × L 2 × R 2 , the embedding of the latter space into H is compact. Then we can conclude that A −1 is a compact operator.
The spectrum of A entirely constitutes isolated eigenvalues. In addition, the operator (λI − A) −1 can be also proved as a compact operator for any λ > 0 in A. As a result, the operatorA can generate a C 0 -semi-group of contractions T (t) on H by applying the Lumer-Phillips theorem.
In order to apply the extended LaSalle's invariance principle, we should prove that the conditionV (t) = 0 also indicates θ (s, t) = 0. OnceV (t) = 0, thenθ (L, t) = 0 can be obtained, and thus further demonstrating thatθ (L, t) = 0. Recalling that (2), we can have θ (L, t) = 0. Furthermore, we can also note that (1) is separable and can be addressed using the variable separation approach [40] .
Using the variable separation method, θ(s, t) can be written as the following form
where (s) and (t) represent the unknown functions of space and time to be determined, respectively. It can be derived from (1) and (15) (s)
Then we obtain
Let λ = ω 4 and solve (17), we have (s) = c 1 cos
where c i ∈ R, i = 1, . . . , 4 are the constants which should be determined from (2) . Employing (1), (2) and θ (L, t) ≡ 0, we can derive (0)
We further have (s) = 0 and θ (s, t) = 0. Therefore, the closed-loop system subject to input saturation is asymptotically stabilized by the developed control (3) by exploiting the extended LaSalle's invariance principle.
Properties (2) . According to (3) and the properties of the hyperbolic tangent function tanh(t) = e t −e −t e t +e −t ∈ [−1, +1], it can be immediately obtained
Therefore, adjusting the parameters b and η can alter the saturation limit U . Remark 2: In this study, the controller design proceeds on the basis of the infinite dimensional partial differential dynamics preventing from control spillover issue. In future studies, we will exploit the truncated finite-dimensional model approaches to conduct the design of neural network based control or learning control for achieving the transient performance regulation [41] - [52] .
Remark 3: The problem considered in our work is the control issue of input limited beam system ignoring the influence of the uncertainties and disturbances. When there exist the uncertainties and disturbances in the considered beam system, the robust control theory can be exploited to put forward robust adaptive control strategy for addressing this issue [53] , [54] .
IV. SIMULATIONS
Now we give a numerical example to verify our designed boundary control method for the flexible beam system (1)- (2) . In order to solve the original PDEs (1)- (2) numerically, the finite difference method [55] - [57] is employed to approximate the solutions in MATLAB software with the choice of the time and space steps as t = 0.0002 and x = 0.01. Other parameters in system (1)-(2) are given as:
Offset of the beam system with no control. Based on our numerical discrete scheme, the simulation results are all given. In Fig. 2 , we give the dynamic evolution process of the beam system (1)-(2) with no control input, i.e., u(t) = 0. The simulation results in Fig. 2 show that the original system with no control input is unstable and the vibration of the system is very strong. In Fig. 3 , we give the numerical simulation results for system (1)- (2) with our designed controller (3). In Fig. 4 , we give the numerical simulation results for the system (1)-(2) with PD control, i.e., u(t) = −1.5θ (L, t) − 2θ (L, t). The comparison of the time evolution of the system (1)-(2) with no control input and our proposed controller on the boundary s = 1 m is also shown in Figs. 5-7. The time response of the designed controller (3) and PD controller u(t) is depicted in Figs. 8 and 9 , respectively. The simulation results show that the vibrational offset of the system (1)-(2) under our controller (3) is observably suppressed, and the saturated control input u(t) is also restricted in domain [-2, 2] . Furthermore, our designed boundary control input (3) can also stabilize the flexible beam system with a much more better performance in spite of the existence of input saturation restriction.
V. CONCLUSIONS
In this paper, we have solved a vibration control problem arising in a 1-D flexible beam system under the condition of input saturation constraint. On the basis of the smooth hyperbolic tangent function, an effective boundary control was developed, the unstable system was stabilized at its equilibrium position and the effect of the input saturation was mitigated successfully. With our proposed control strategy, the phenomenon of the control spillover was circumvented, and the asymptotic stability of the controlled system was realized exploiting the extended LaSalle's invariance principle. The control performance was also verified by the numerical simulations. In the future, we will consider the restricted problem including output and input for 3D beam system and apply this control approach to the actual system. 
